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INTRODUCTION 


In  recent  years  there  has  been  increasinq  emphasis  on  the  use  of  comcosite 
materials  in  armament  structures.  A  current  problem  in  Army  cannon  design  is  to 
replace  a  portion  of  the  steel  wall  thickness  with  a  lighter  material.  The 
inner  portion,  steel  liner,  maintains  the  tube  projectile  interface  and  shields 
the  composite  from  the  extremely  hot  gases.  The  outer  portion,  composite 
jacket,  is  made  of  single  or  multilayered  graphite-bismaleimide  wound  and 
wrapped  on  the  steel  liner.  Two  subscale  models  have  been  fabricated  and  tested 
(refs  1,2).  An  analytical  elastic-plastic  solution  for  the  model  with  a  single¬ 
layered  composite  jacket  has  been  presented  in  a  recent  paper  (ref  3).  This 
report  covers  a  complete  stress  analysis  for  the  model  with  a  multilayered  com¬ 
posite  jacket.  The  composite  layup  is  made  of  two  longitudinal  layers  alter¬ 
nating  with  two  circumferential  layers.  Sixteen  layers  were  applied  in  this 
way.  The  total  thickness  of  the  composite  jacket  is  0.12  inch  and  the  steel 
liner  is  of  inner  radius  1  inch  and  outer  radius  1.17  inches.  Analytical  solu¬ 
tions  are  presented  for  loading  within  and  beyond  the  elastic  range  up  to 
failure.  Numerical  results  for  the  residual  stresses  in  the  steel  liner  and 
composite  jacket  are  presented. 

COMPOSITE  JACKET 

The  composite  jacket  is  made  of  n  layers  bounded  by  radii 
(r^ ,r2, . . . ,rn,rn+i) .  Each  layer  is  elastically  orthotropic  but  with  different 
material  properties.  The  strain-stress  relations  for  the  k-th  layer  in 
cylindrical  coordinates  are  given  by 
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where  are  components  of  the  compliance  matrix.  The  superscript  k  refers 

to  the  k-th  layer.  In  plane-strain  conditions,  the  above  strain-stress  rela¬ 
tions  modify  to 

' 

ep(k) 

V 

where 

/3pp(k)  ,  (l-yp2(l<)vjp(l<))/Ep(X) 

s  -(ugip^Xl+ugjj^Xlujr^X)  )/EQ(k) 

The  normal  traction  acting  on  the  interface  between  (k-l)th  and  k-th  layers  is 
denoted  by  qi^.  Then  the  general  elastic  solution  for  the  k-th  layer  bounded  by 
radii  (Ti^.ri^+j)  and  subjected  to  interface  pressure  (qkfClk+l)  given  by 
(ref  A) 

ffp(X)  a  (-akqk+Ckqk+i)(rk+i/r)3k+l  +  (a^qk-bkak+i ) (r/rk+j )3k-l 
(r9(X)  »  gk(akqk-Ckqk+i)(rk+i/r)^X+l  +  gkCakqk'bkOk-^l )  (•'/''k+l 
u(^)  a  r(/Sp9(X)0p(k)+|300(k)g'g{k) )  (5^ 

where 

<^k  ■  '"k+l/fk  '  9k  *  (/Srr^'^^//*00^X) 

Ck  ■  <  bk  »  Ckdk^^X  ,  ak  »  Ckdk^X-1  (6) 

At  the  two  ends  of  the  k-th  layer  the  expressions  for  the  displacements  and  hoop 
stresses  are 
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Uk+1  •  -  Bkq|<+l^»'k!-l 

iJk  *  (C|(qk  -  Dkqk+l)'‘k 

(rg(k)  a  2akgkqk  “  (bk+Ck)gkqk+l  at  r^+i 

a  (bk+Ck)gkqk  "  2akdk*gkqk+l  at  (7) 

where 

^k  =  2akgk/3e9^'^^  -  Bk  ■  +  (^k.*Gk.)9k^e9^^^ 

Ck  *  +  (bk+ck)gk/50e^’^)  .  Dk  “  2akdk*gk/300  (8) 

At  the  interfaces  (rk,k*2, . . . ,n)  the  displacements  should  be  continuous  and 
these  require 

Ak-iqk-1  -  Bk-l^k  “  Ckbk  -  Dkqk+1  (9) 

Let  Qk  a  qk/qn  tor  all  k,  then  a  0,  »  I.  and  we  can  calculate  Qk-i 

backward  for  k  a  n  to  2  by 

Qk-1  =  Ak-r’t(Bk-i+Ck)Qk  -  DkQk+l] 

Normalizing  by  leads  to 

^k  *  qk/tll  for  k  a  1,2, . . .  ,n  (10) 

i.e.,  the  relative  values  for  the  interface  pressures  when  =  i.  we  can  also 
obtain  the  corresponding  displacements  uj,...,Un,  Un+l  at  ri, . . . ,rn,rn+i . 

STEEL  LINER 

The  steel  liner  of  inside  radius  a  and  outer  radius  b  is  elastic- 
plastically  isotropic  and  assumed  to  obey  Tresca's  yield  criterion,  the  asso-* 
ciated  flow  rule,  and  linear  strain-hardening.  The  elastic  solution  for  the 
steel  liner  subjected  to  internal  pressure  p  and  external  pressure  q  is 

‘^r 

»  {T(p-q) (b/r)«  +  p-q  b*/a*)/(b»/a*-l) 

^9 

u/r  a  E“Ml+w)((p-q)(b/r)«  +  (l-2v)(p-q  b»/a*)]/(b*/a«-l)  (11) 
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When  the  internal  pressure  p  is  large  enough,  part  of  the  steel  liner  (a  <  r 
<  p)  will  become  plastic  and  p  is  the  elastic-plastic  interface.  The  elastic- 
plastic  solution  can  be  written  in  the  elastic  portion  (p  <  r  <  b)  as 


1-  y 

5o  r 


i+y  et  + 

2  r* 


(l-u-2y*)[^  kI  “ 

2  b»  (Jq 


.  g_ 

<^0 


^z/^^o  =  y  P*/b*  -  2v  q/Oq 
and  in  the  plastic  portion  (a  <  r  <  p) 
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where  Oq  ^^e  initial  tensile  yield  stress  and  Et  is  the  tangent  modulus  in 
the  plastic  range  of  the  stress-strain  curve. 

When  the  internal  pressure  is  further  increased,  the  steel  liner  will 
become  fully-plastic.  Using  Tresca's  yield  criterion,  the  associated  flow  rule, 
and  assuming  linear  strain-hardening,  the  fully-plastic  solution  derived  in 
Reference  3  is  given  below. 

Subject  to  00  >  oj  ^  <^r'  analytical  expressions  for  the  stresses  and 
displacement  are 
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ffp  .  -0  +  (yo(l-n/J)ln(^)  +  \  J^?g,y  [|J  - 

ffg  =  ap  +  (Tod+ne^) 

pu  a  E’Ml-*2u)  {l+w)r»ffp  +  (>  b»  (14) 

where 

<<»  *  Ub/b  +  (l-2v)(l+w)E-iq 

V  »  [♦  bVr*  -  (1-u*)<To/E]/C1  +  {l-u*)nao/E] 

/3  td 

COMPOUND  CYLINDER 

The  comoound  cyl-inder  consists  of  an  inner  steel  liner  and  an  outer  com¬ 
posite  jacket.  The  steel  liner  of  inside  radius  a  and  outer  '*adius  b  is  wrapped 
by  a  multilayered  composite  jacket.  The  displacement  and  normal  traction  at  the 
interface  between  the  liner  and  jacket  should  be  continuous,  i.e.,  q  >  and  u^ 

•  U|.  From  these  conditions  we  can  determine  the  relations  between  p  and  q. 

When  the  internal  pressure  p  is  small,  an  explicit  functional  relation 
exists 

I®  •  [E(Ci-Di52)  ♦  (1-V-2VM]  +  2  (15) 

where  every  term  in  the  right-hand  side  is  known.  The  displacement  at  the  bore 
can  also  be  expressed  as  an  explicit  function  of  p 

(gj  -  1)  I  "  “  (l+w)  +  (1-V-2V*)  -  2(l-u«)  g  (16) 

When  the  internal  pressure  is  large  enough,  part  of  the  steel  liner  will 
become  plastic.  The-elastic-plastic  solution  is  given  in  terms  of  the  parameter 
p.  The  conditions  of  continuity  require 

9- _ _ _  (17) 

(1-V-2V)  *  E(Ci-0iq2) 
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(18) 


This,  together  with 

B_  a  9-  +  i(i-  fi-j  +  (i-p/5)in  a 
Oq  oq  2  b»  a  2  a* 

serves  to  give  an  implicit  relation  between  p  and  q.  By  letting  p  a  a  and  b,  we 
can  determine  the  lower  limits  p*.  q*,  u^*  and  the  upper  limits  p**,  q**, 

Ua**,  Ub**,  respectively. 

When  the  internal  pressure  p  is  further  increased,  i.e.,  p  >  p**,  Ug  > 

^a**,  ujj  >  Ub**,  the  conditions  of  continuity  lead  to 

♦  *  qC{Ci-0-ia2)  +  (l>u-2v»)/E]  (19) 

and 

B-  .  (l-n/3)Jn  1*1-  {1  ♦  CE(Ci-Di52)  +  (1-V-2VM3)  (20) 

It  should  be  pointed  out  that  the  pressure  q  and  the  displacement  Ub  at  the 
interface  are  linear  functions  of  internal  pressure  p.  The  bore  displacement  Ug 
can  be  written  as 

.  -(i-2v)(l+y)  I  +  51  <<>  (21) 

which  is  also  a  linear  function  of  internal  pressure  p. 

RESIDUAL  STATE 

If  the  pressure  p  is  subsequently  removed  completely  with  no  reverse 
yielding,  the  unloading  is  entirely  elastic  and  the  solution,  denoted  by  a 
prime,  is  given  by  p'  ■  -p. 

q'  «  2p'/{ijJ^*Jyi^CE{Ci-0iq2)  +  (l-V-2y»)]  +  2} 

®r' 

-  {T(P'-q' )(b/r)«  +  p'-q'  b«/a* }/(b«/a*-l ) 
and 

U'/r  •  E-Ml+v)[(p'-q' )(b/r)»  +  (l-2v)(p'-q'  b«/a« ) ] (bVa«-l )  (22) 
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The  residual  state  system,  denoted  by  tvto  primes,  is  the  sum  of  the  system  pro¬ 
duced  by  loading  and  that  produced  by  unloading,  i.e., 

(Tq”  a  +  ffg'  ,  etc.  (23) 

Assuming  no  Bauschinger  effect  and  using  Tresca's  yield  criterion  subject  to 
Op"  >  Oj"  >  uq" ,  the  reverse  yielding  will  not  occur  if 

cTp"  -  «7e"  <  a”  a  CoCl  ♦  m«/{l-m)]  (24) 

Unloading  solution  considering  reverse  yielding  but  neglecting  Bauschinger 
effect  was  first  obtained  by  Bland  (ref  5).  If  we  need  to  consider  the 
Bauschinger  effect  during  unloading,  analytical  solutions  given  in  References  6 
and  7  can  be  used. 

NUMERICAL  RESULTS 

Given  any  value  of  internal  pressure,  we  can  obtain  numerical  results  for 
the  stresses  and  strains  in  the  radial  and  tangential  directions  and  also  for 
the  displacement  at  any  radial  position  in  a  steel  pressure  vessel  wrapped  with 
multilayered  composites.  The  steel  liner  for  the  subscale  test  specimens 
(ref  1)  had  an  inner  diameter  of  2.0  inches  and  an  outer  diameter  of  2.34 
inches.  The  steel  was  4130  seamless  mechanical  tubing  heat  treated  to  a  hard¬ 
ness  of  34  to  36  Rockwell  "C."  A  standard  ASTM  tensile  test  was  conducted  to 
determine  the  0.1  percent  offset  yield  strength  (120  Ksi)  and  the  ultimate  ten¬ 
sile  strength  (140  Ksi).  The  composite  Jacket  is  a  graphite-bismaleimide  pro¬ 
duced  by  Fiberite  Corporation.  Its  cure  temperature  is  4S0*F,  and  it  is  wound 
and  wrapped  on  the  steel  liner  in  the  same  manner  as  the  full-scale  gun  tube 
specimen  denoted  as  CTL  III.  The  layup  (02903)4  is  approximately  ha If -scale  and 
made  up  of  two  longitudinal  layers  alternating  with  two  circumferential  layers. 
Sixteen  layers  are  applied  in  this  way.  Lamina  properties  for  this  material  are 


given  in  Table  I.  The  total  thickness  of  the  composite  jacket  is  0.12  inch,  and 
the  steel  liner  is  assumed  to  be  linear  strain-hardening  with  a  *  1  inch,  b  = 
1.17  inches,  Oq  =  120  Ksi ,  m  =  0.04. 

TABLE  I.  EUSTIC  CONSTANTS  OF  STEEL  AND  COMPOSITE  MATERIALS 


Material 

Ee 

xlO*  psi 

^r 

xl0«  psi 

Ez 

xlO*  psi 

Vrz 

Vr9 

vze 

Hoop  lamina  Im6 

21.0 

1.0 

1.0 

0.40 

0.02 

0.02 

Axial  lamina  G50 

1.3 

1.3 

31.0 

0.01 

0.39 

0.39 

Steel  4130 

30.8 

_ 

30.8 

30.8 

0.30 

0.30 

0.30 

The  pressure  at  the  interface  between  the  liner  and  jacket  has  been 
obtained  as  a  function  of  internal  pressure,  and  the  result  is  shown  in  Figure 
1.  The  results  of  the  hoop  strains  at  the  bore,  interface  between  the  liner  and 
jacket,  and  outside  surface  are  shown  in  Figure  2  as  functions  of  internal 
pressure.  The  complete  (including  elastic,  elastic-plastic,  and  ful ly-plastic) 
ranges  of  loadings  have  been  considered.  These  numerical  results  for  the 
strains  are  presented  here  for  future  comparisons  with  experimental  results. 

The  distribution  of  hoop  stresses  in  the  liner  and  jacket  can  be  obtained  at  any 
given  value  of  internal  pressure.  In  Figure  3  we  present  the  numerical  results 
at  three  values  of  internal  pressure,  i.e.,  p  *  p’*,  p**,  and  p  *  21.33  Ksi  when 
half  of  the  liner  is  plastic.  The  values  of  two  limits  for  the  elastic-plastic 
solution  are  p*  ■  18.80  Ksi  and  p**  »  22.60  Ksi.  If  the  pressure  p  is  sub¬ 
sequently  removed  completely,  the  residual  displacements,  strains,  and  stresses 
can  be  obtained.  In  Figure  4,  we  show  the  distributions  of  residual  hoop 
stresses  in  the  liner  and  jacket  corresponding  to  three  values  of  internal 
pressure  before  unloading.  When  the  Jacket  consists  of  alternating  axial-hoop 
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laMlna,  tha  hoop  strasses  before  and  after  unloading  become  discontinuous  not 
only  at  the  interface  between  the  liner  and  jacket  but  also  at  all  other  inter¬ 
faces  between  axial  and  hoop  lamina. 

CONCLUSION 

A  method  for  predicting  residual  stresses  in  a  steel  pressure  vessel 
wrapped  with  multilayered  composites  has  been  developed.  Analytical  expressions 
are  presented  for  loading  in  the  elastic-plastic  as  well  as  the  ful ly-plastic 
range. 
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HOOP  STRAIN  AT 


F-igure  2.  Hoop  strains  at  tl 
as  functions  of  ii 


RESIDUAL  HOOP  STRESS,  KSl  ,,  HOOP  STRESS,  KSI 


iqure  3.  Distribution  of  hoop  stresses  in  the  liner  and  jacket. 


Figure  4.  Distribution  of  residual  hoop  stresses  in  the  liner  and  jacket. 
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